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Spatiotemporal characteristics of the collisionless rf sheath
and the ion energy distributions arriving at rf-biased electrodes

Zhong-Ling Dai,* You-Nian Wang, and Teng-Cai Ma
Department of Physics, Dalian University of Technology, Dalian 116023, People’s Republic of China
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A self-consistent fluid model is proposed for describing collisionless radio-frequency~rf! sheaths driven by
a sinusoidal current source. This model includes all time-dependent terms in ion fluid equations, which are
commonly ignored in some analytical models and numerical simulations. Moreover, an equivalent circuit
model is introduced to determine self-consistently the relationship between the instantaneous potential at a
rf-biased electrode and the sheath thickness. The time-dependent voltage wave form, the sheath thickness and
the ion flux at the electrode as well as the spatiotemporal variations of the potential, the electric field and the
ion density inside the sheath are calculated for various rf powers and ratios of the rf frequency to the ion
plasma frequency. The ion energy distributions~ IEDs! impinging on the rf-biased electrode are also calculated
with the ion flux at the electrode. The numerical results show that the frequency ratio is a crucial parameter
determining the spatiotemporal variations of the rf sheath and the shape of the IEDs.

DOI: 10.1103/PhysRevE.65.036403 PACS number~s!: 52.65.2y, 52.40.Hf
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I. INTRODUCTION

Radio-frequency~rf! gas discharges currently play a m
jor role in the microelectronics industry for fabrication of th
new generation ultra-large-scale integrated circuits. Th
discharges are typically used for stripping of photoresist,
positing of organic and inorganic thin films, and anisotrop
etching of semiconductor, oxide, and metal surfaces. In p
cessing plasmas, the ion energy and ion angular distribut
~IEDs and IADs! arriving at substrates are crucial in dete
mining ion anisotropy and etch rates. The electrode a s
strate is placed upon is often independently rf biased in o
to control the ion impact energy, causing a rf sheath adjac
to the substrate electrode. In order to accurately predict
IEDs and IADs, it is important to determine exact details
the spatiotemporal variations of the electric field within the
sheath and the time dependence of the sheath thickness

Over the past decades, the behavior of the rf sheath
been a topic of much scientific interest due to its importan
Based on the ion hydrodynamics coupled to the Poiss
equation, various sheath models@1–13# have been develope
to describe the characteristics of the rf sheath. In general,
difficult to get analytical solutions for the sheath due to
strongly nonlinear processes. A crucial parameter for sim
fying the sheath dynamics is the ratio of the rf frequency
the ion plasma frequencyb5v/vpi . When the rf frequency
is much smaller than the ion plasma frequency (b!1), the
ions respond to the instantaneous sheath potential and
the sheath in a small fraction of a rf cycle. A quasista
model @1# has been adopted to describe the nonlinear p
cesses in the low-frequency range. In this model, she
properties at different times in a rf cycle are the same
those of a direct current~dc! with a potential equal to the
instantaneous value.

In the high-frequency range (b@1), the ions take many r
cycles to cross the sheath and can no longer respond to
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instantaneous sheath potential. Instead, the ion dynamic
governed by a time-averaged field in the sheath. A simplifi
model has been proposed by Lieberman to describe the
lisionless@2#, and the collisional sheath@3#. This model ig-
nores all time-dependent terms in the ion fluid equations
uses a step model in which the electron density dr
abruptly to zero at the electron sheath boundary. With
simplified model, analytical expressions have been obtai
for various sheath parameters such as the dc sheath vol
the sheath capacitance, and the stochastic heating po
However, Refs.@2# and @3# completely neglect the ion an
electron currents in the rf sheath, which is adequate only
the extremely high rf sheath voltage. Based on the s
model, other authors@4–6# studied the characteristics of th
rf sheath by taking into account the electron and ion cond
tion currents in the sheath. Making use of suitable bound
conditions, Gierling and Riemann@7# introduced a consisten
step model. Beyond the step model, Riemann@8# gave an
improved description of the rf sheath by taking correctly in
account the distribution function of ions entering the
sheath. Recently, Edelberg and Aydil@9# refined further the
dynamic model of the rf sheath by coupling an equivale
circuit model to the ion fluid equations, which is used f
predicting consistently the time-dependent potential on
electrode.

In the intermediate frequency range (b;1), it is difficult
to obtain an analytical representation of the sheath beca
the ion inertia allows it to only partially respond to the tim
varying fields in the sheath. Miller and Riley@10# introduced
a ‘‘damped potential’’ to model the ion dynamics in this fr
quency range, which assumes that the ions respond to
damped potential. Panagopoulos and Economou@11# ex-
tended the damped potential model and calculated the I
for a collisionless sheath. Taking into account all tim
dependent terms in the ion fluid equations, Boseet al. @12#
found that the ion flux indeed oscillates significantly in a
cycle for values ofb;1. For simplifying numerical calcula-
tions, however, Boseet al. assumed that a sinusoidal voltag
V1@sin(vt)11# is applied on the electrode and the amplitu
V1 is a given parameter. It is well known@2# that although a
©2002 The American Physical Society03-1
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sinusoidal rf current source is applied on the electrode,
voltage on the electrode is not exactly sinusoidal due to
effects of the sheath loading. In fact, both the forms a
amplitudes of the voltage on the electrode are unknown
should be determined consistently by the current bala
condition on the electrode, just as the equivalent circ
model @9#. Most recently, Sobolewski@13# presented a rf
sheath model that does fully account for the time-depend
ion motion for b values from 0.006 to 1.8. It should b
stressed that the step model about the electron density in
sheath is also adopted in Sobolewski’s work to simplify t
solution of Poisson’s equation in the sheath.

In this paper, we wish to present a self-consistent dyna
model of collisionless rf sheaths that includes all tim
dependent terms in the ion fluid equations and is couple
the equivalent circuit model. Further, we try to investiga
the IEDs on the electrode with the calculated ion flux. T
article is outlined as follows. In Sec. II the basic model
described, including the ion fluid equations, the equival
circuit model, and the boundary conditions. Then, in Sec.
we present some numerical solutions of the sheath model
show the time-dependent voltage wave form, sheath th
ness, and ion flux, as well as the spatiotemporal variation
potential, electric field, and ion density for various rf-bi
frequencies or various rf-bias power values. Using the ca
lated ion flux, the ion energy distribution bombarding a
biased electrode is determined numerically in Sec. IV.
nally, a short summary is given in Sec. V.

II. MODEL DESCRIPTION

We consider that a rf-bias power is applied to an electr
inside a low-pressure plasma. Then, a rf sheath will b
formed near the electrode surface, as shown in Fig. 1.
one-dimensional configuration, with the electrode placed
x50, is adopted. Under the low-pressure condition, due
the sheath thickness being much less than the mean free
of ions and neutral particles, it is reasonable to neglect
lisions between ions and neutral particles. Also, we can
glect the ion thermal motion effects since the ion tempera
is much smaller than the directional kinetic energy in t
sheath regions. Thus, the one-dimensional spatiotemp
variation of the ion density,ni(x,t), the ion drift velocity,
ui(x,t), and the electric potential inside the sheath,V(x,t),
are described by the cold ion fluid equations,

]ni

]t
1

]~niui !

]x
50, ~1!

FIG. 1. Schematic diagram of the rf sheath model, electr
located at x50 and the plasma-sheath boundary located ax
5ds(t).
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]ui

]t
1ui

dui

dx
52

e

mi

]V

]x
, ~2!

and the Poisson equation,

]2V

]x2
52

e

«0
~ni2ne!, ~3!

wheremi is ion mass,e is the electronic charge,«0 is the
permitivity of free space, andne(x,t) is the electron density
In previous sheath model@2–9#, the time-derivative terms in
Eqs.~1! and ~2! are omitted and the potentialV(x,t) in Eq.
~2! is replaced by a time-averaged potential, which is valid
the high-frequency limitsb@1. In the present model, we
retain all time-dependent terms in the ion fluid equations,
that the model is valid over a wide frequency range, fro
b!1 to b@1.

Due to the electron plasma frequencyvpe being much
higher than the rf frequencyv, we can assume that the ele
trons are inertialess and respond to the instantaneous ele
field. In contrast to the step model@2–6#, here we consider
that the electron density in the sheath changes continuo
and is given by the Boltzmann distribution,

ne~x,t !5n0expS eV~x,t !

kBTe
D , ~4!

wheren0 is the plasma density,Te is the electron tempera
ture, andkB is the Boltzmann constant.

To solve Eqs.~1!–~3!, the appropriate boundary cond
tions at the plasma-sheath interface must be chosen. C
pared to the dc sheath, the rf sheath boundary conditions
quite complex and the boundary may oscillate in a rf cyc
However, Riemann@14# pointed out that Bohm criterion is
still valid for rf sheaths. Thus, we assume that at the plas
sheath boundaryx5ds(t) the ion density should be equal t
the electron density, i.e., the quasineutral condition,

ni~ds ,t !5ne~ds ,t !. ~5!

Besides, we also assume that ions enter the sheath w
velocity equal to the Bohm velocityuB5AkBTe /mi , i.e.,

ui~ds ,t !5uB . ~6!

Finally, we assume that the potential at the sheath edg
approximately zero, i.e.,

V~ds ,t !50, ~7!

and take the value of the potential at the electrode (x50) to
be

V~0,t !5Ve~ t !, ~8!

whereVe(t) will be obtained by coupling Eqs.~1!–~3! to a
current balance equation, see the following content.

Among the above boundary conditions, unfortunate
Ve(t) is unknown. For simplifying numerical analysis, Bos
et al. @12# proposed a sinusoidal voltageVe(t)5V1@sin(vt)

e

3-2
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11#. As a matter of fact, the instantaneous voltage depe
on not only the applied rf power, but also instantaneous c
acteristics of the sheath itself. An equivalent circuit mod
has been introduced by Edelberg and Aydil@9# to determine
self-consistently the relationship between the instantane
voltageVe(t) and the instantaneous sheath thicknessds(t).
In the model, the sheath is modeled as a parallel combina
of a diode, a capacitor, and a current source. The cur
through the diode represents the variation of the elec
current as a function of the voltage at the electrode,

I e~ t !5
euen0A

4
expS eVe~ t !

kBTe
D , ~9!

whereA is the electrode area andue5A8kBTe /pme is the
mean velocity of an electron with massme . The current
source represents the current due to ions incidence onto
electrode, which is expressed by

I i~ t !5eui~0,t !ni~0,t !A. ~10!

The current through the capacitor results from the time va
tion of charge at electrode and can be derived as

I d~ t !5
dQ

dt
5

d~CsVe!

dt
5Cs

dVe

dt
1Ve

dCs

dt
, ~11!

where Cs(t)5«0A/ds(t) is the time-dependent sheath c
pacitance. Assuming that the rf current applied at the e
trode is sinusoidal, we can obtain the current balance eq
tion,

I i~ t !2I e~ t !2Cs~ t !
dVe~ t !

dt
2Ve~ t !

dCs~ t !

dt
5I maxsin~vt !,

~12!

where I max is the amplitude of applied rf-bias current.
should be stressed that this current balance equation is
obtained by Edelberg and Aydil@9#, but they assumed a con
stant ion currenteuBn0A at electrode, and neglected the se
ond termVedCs /dt on the right side of Eq.~11!. In contrast,
considering that the ion dynamics is governed by the ins
taneous electric field, we adopt a time-dependent ion cur
I i(t) at the electrode. Moreover, the second termVedCs /dt
is retained in this paper in order to make the model fu
consistent.

Now we get a set of closed nonlinear equations that
termines the spatiotemporal dependence of the rf sheath.
above equations with the boundary conditions will be solv
numerically in Sec. III by using a finite difference schem
with an iterative process.

III. NUMERICAL RESULTS OF THE rf SHEATH

In this section we use numerical techniques to solve
fluid equations and the current balance equation with bou
ary conditions. By solving the current balance equation~12!
with the fourth-order Runge-Kutta method, we can first o
tain the potential drop across the sheath, i.e., the volt
Ve(t) of the electrode. The initial guesses of the instan
03640
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neous sheath thicknessds(t), the ion density at the electrod
ni(0,t), and the ion velocity at the electrodeui(0,t) are all
chosen as uniform values. With the obtained voltageVe(t),
we then solve the fluid equations and the Poisson’s equa
@Eqs.~1!–~3!# using a second-order finite difference schem
in space and an explicit scheme in time, which will yie
newds(t), ni(0,t), andui(0,t). The iteration is repeated unt
the solutions converge to a self-consistent periodic ste
state. In the following simulations, we take an argon d
charge as an example in which all the base values of
input parameters, such asn052.131011 cm23, kBTe
53 eV, andA5325 cm2 ~the electrode area!, come from
the actual experiments@9#. The rf-bias power is calculated
from the time-dependent voltage and current wave forms
follows:

P5
1

tE0

t

Ve~ t !I ~ t !dt, ~13!

where t52p/v is the rf cycle andI (t)5I maxsin(vt). Fur-
thermore, for convenience in calculations, we use the De
lengthld , the ion plasma frequencyvpi , the Bohm velocity
uB , the plasma densityn0, and the electron temperatur
kBTe /e to nondimensionalize the positionx, the timet, the
ion velocity ui , the ion densityni , and the potentialV, re-
spectively.

Figure 2 displays~a! the time dependence of the voltag

FIG. 2. The effect of rf-bias power on~a! the instantaneous
electrode voltageVe(t) for an Ar plasma and~b! the time-dependen
electron sheath thicknessds(t). The frequency ratiob is 0.25.
3-3
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ZHONG-LING DAI, YOU-NIAN WANG, AND TENG-CAI MA PHYSICAL REVIEW E 65 036403
of the electrode and~b! the sheath thickness for differen
rf-bias power values and a given rf-bias frequency ratiob
50.25. It is clear that for any time in the rf cycle the amp
tude of the voltage of electrode and the sheath thickn
increases with increasing rf-bias power. One can also
serve that as the potential wave form reaches its maxim
voltage drop, the sheath thickness reaches its maximum

The time dependence of the ion flux impinging on t
electrode is shown in Fig. 3 for different values of the fr
quency ratiob. When the rf-bias frequency is less than t
ion plasma frequency, i.e.,b<1, the ion flux oscillates
strongly and its amplitudes deviate from the constant ion fl
n0uB significantly, which has been reported only in a fe
literatures@12,13#. At high rf-bias frequency limits such a
b55, the amplitude of the ion flux is very small and almo
closes to the constant ion fluxn0uB . This shows that it is
reasonable to assume a constant ion flux through the sh
only in the high-frequency ratio limits, which results fro
that the ions respond to the time-averaged electric field
stead of instantaneous sheath electric field in this case.

We should stress that the previous works@1–11# are valid
only for high-frequency ratiob due to neglecting the time
dependent terms in the ion fluid equations. In the pres
paper, however, all the time-dependent term in the fl
equations are retained, so the present model may describ
ion dynamics in the sheath for arbitrary frequency ratiob. To
illustrate clearly this difference, Figs. 4~a! and 4~b! show the
maximum sheath voltage dropVmax and the maximum sheat
thicknessdmax for a wide range ofb from 0.1 to 10, respec
tively. It can been seen that in the low and intermediate
quency ratio (b!1 and b;1), the results predicted b
Edelberg-Aydil model@9# deviate significantely from that in
our simulation. However, both of the results approach e
other in the high-frequency range (b@1). For comparing
our results with Edelberg-Aydil’s results, in Figs. 4~a! and
4~b! we have neglected contributions coming from the te
VedCs /dt on the right side of Eq.~11! since this term is also
neglected in Edelberg-Aydil’s work.

We also plot the spatiotemporal variations of the ion d
sity, the potential, and the electric field inside the sheath
@Figs. 5~a!–5~c!# for a given rf-bias powerP550 W and a

FIG. 3. The time-dependent ion fluxniui incident onto the rf-
biased electrode for different values of the frequency ratiob. The
rf-bias power is 50 W.
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given frequency ratiob50.25, respectively. We notice from
Fig. 5~a! that the ion density changes obviously with th
spatial variable, but does gently with the time. Figures 5~b!
and 5~c! illustrate that the spatial variations of the potent
and the electric field vary significantly near the electro
and the temporal profiles of them oscillate periodically w
the time.

IV. ION ENERGY DISTRIBUTIONS

It has been seen from the results shown in Sec. III that
ion dynamics in the rf sheath is modulated by the she
electric field. One may expect that the modulation of the
sheath electric field will affect the energy distributions
ions impinging on the electrode~or the substrate! surface.
During the past decades, many researchers have calcu
IEDs with different rf sheath models. In the high-frequen
regime for a collisionless rf sheath, Benoit-Cattin and B
nard @15# obtained an analytical expression of the IED
assuming a sinusoidal sheath electric field with a cons
sheath width. Metzeet al. @16# calculated the potential wav
forms across a collisionless sheath through an equivalent
cuit model and determined the IEDs by solving the ion m
tion equation in the rf sheath. Assuming a parametric mo
for the spatially linear and time-dependent electric fie
within the rf sheath, Kushner calculated the IEDs and

FIG. 4. The maximum sheath voltage dropVmax and the maxi-
mum sheath thicknessdmax for a wide range ofb. The ion density
and the rf-bias power are fixed at 3.031011 cm23 and 100 W,
respectively.
3-4
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SPATIOTEMPORAL CHARACTERISTICS OF THE . . . PHYSICAL REVIEW E 65 036403
IADs using the Monte Carlo model for ion trajectories@17#.
Edelberg and Aydil@9# also simulated the IEDs in a colli
sionless rf sheath using the Monte Carlo method in conju
tion with their sheath model in which the ion dynamics
determined by a time-averaged sheath electric field. M
recently, giving an average potential profile and its time
pendence, Misakian and Wang@18# also calculated the shap

FIG. 5. The spatiotemporal variation of~a! the ion density
ni(x,t), ~b! the potentialV(x,t), and ~c! the electric fieldE(x,t)
inside the sheath during one rf cycle. The rf-bias power and
frequency ratio are 50 W and 0.25, respectively.
03640
c-
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of IEDs using the Monte Carlo method. In a review artic
@19#, Kawamuraet al. made a detailed analysis of the IED
about the rf sheath.

In this section, we can calculate directly the IEDs with t
ion flux impinging on the rf-bias electrode. It should b
stressed that this method to calculate the IEDs is suita
only for collisionless sheaths. We know from the Sec. III th
both the ion fluxJi5niui and the ion energyE5miui

2/2 on
the electrode at any time in one rf cycle can be obtained w
the self-consistent fluid model of the sheath. Consequen
one can further obtain the numberN of ions arriving at the
electrode in one rf cycle with energy below a certain valu
Thus, the IEDs can be expressed by

f ~E!5
dN~E!

dE
. ~14!

In the following calculations for IEDs, we still take th
argon discharge as an example, and the plasma param
and the electrode area are the same as what are used in
III. Figure 6 shows the frequency ratiob dependence of the
ion energy distributions for the argon plasma with a giv
rf-bias powerP550 W. Within considered frequency rati
ranges, the IEDs have bimodal shapes that have been
pected by other theoretical models@9,15,17# and observed by
experiments@9,20–22#. In the low-frequency limits (b!1),
ions cross the sheath in a small fraction of one rf cycle a
respond to the instantaneous sheath voltage. Thus, their
energies depend strongly on the phase of the rf cycle
which they enter the sheath and the two peaks in the IE
correspond to the minimum and maximum sheath poten
drops. Ions traversing the sheath during the period in th
cycle where the potential drop across the sheath is small
arrive at the electrode with low energies and contribute to
low-energy peak in the IED. In contrast, the ions enter
and traversing the sheath during the period in the rf cy
where the potential drop across the sheath is large will ar
at the electrode with high energies and contribute to the h
energy peak in the IED. For the high-frequency limits (b
@1), however, the ions take many rf cycles to cross
sheath and can no longer respond to the instantaneous s
electric field. Instead, the ions respond only to a tim

e

FIG. 6. Effects of the frequency ratiob on the ion energy dis-
tributions for a given rf-bias powerP550 W.
3-5
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averaged electric field in the sheath and the phase of
cycle in which they enter the sheath becomes unimport
resulting in a narrower IED. Asb value increases, the IED
width shrinks and the two peaks of the IED approach e
other.

In Fig. 7 we also show the effects of the rf-bias power
the IEDs for a given frequency ratiob50.25. We notice that
as the rf-bias power is increased, the locations of the h
energy peaks shift towards the high-energy regime and
crease linearly as a function of the rf-bias power appro
mately, while the locations of low-energy peaks does
move. And also, with the increasing rf-bias power, the hei
of the low-energy peak drops, but the height of the hig
energy peak does not change significantly.

Finally, in Fig. 8 we compare our numerical results
IED with experimentally measured IED in an Ar plasma. T
values of the input parameters in the simulation are ident
with the measured in the experiment@9#, i.e., rf-bias power
P5400 W, rf-bias frequency f 54 MHz (b50.25),
plasma densityn052.131011 cm23, and the other base va
ues are the same as those used in Sec. III. In the figure

FIG. 7. Effects of the rf-bias power on the ion energy distrib
tions for a given the frequency raitob50.25.

FIG. 8. Comparison of numerical results with experimental d
@9# for IEDs in an Ar plasma for the rf-bias frequency 4 MHz (b
50.25). In our simulations and the expriment: the rf-bias pow
P5400 W and the plasma densityn052.131011 cm23; in the
simulations@9#, P5392 W andn053.531011 cm23.
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also show the simulation results of Edelberg and Aydil@9#.
One can observe that our numerical results accurately pre
the measured peak positions. Edelberg and Aydil also trie
compare their numerical results with experimental data,
for getting a comparable figure they had to adjust the po
to 392 W and the plasma density to 3.531011 cm23 in their
simulations.

V. CONCLUSIONS

A self-consistent fluid model of a collisionless rf mod
lated sheath has been developed for studying the spatio
poral characteristics of the sheath and predicting the ene
distributions of ions impinging on a rf-biased electrode. T
model includes all time-dependent terms in the ion flu
equations, which is valid for arbitrary frequency ratiob.
Moreover, the instantaneous relationship between the vol
on the rf-biased electrode and the sheath thickness is d
mined by an equivalent circuit model with a time-depend
ion current on the electrode, which differs from the circu
model used in the simulations of Edelberg and Aydil@9#
assuming a constant ion current on the electrode. It has b
shown from the numerical results that in the low-r
frequency regime (b<1) the ion flux on the electrode osci
lates strongly with the time and its amplitude drops gradua
with the increasing frequency ratiob, while the ion flux
approaches the constant fluxn0uB at the high-frequency lim-
its (b@1). We have further found that the instantaneo
variations of the sheath thickness and the voltage wave f
on the electrode are almost synchronous, the spatiotemp
variations of the potential and the electric field within th
sheath are very significant in the vicinity of the electrod
and the spatial drop of the ion density in the sheath is m
notonous. Finally, with obtained ion flux, we have calculat
the IEDs on the electrode and found that the IEDs ha
bimodal shape and the width of the IED shrinks and the t
peaks of the IED approach each other with the increasin
frequency. Besides, the locations and heights of the
peaks in the IED are also affected by the rf-bias power.
conclusion, the frequency ratiob5v/vpi is a crucial param-
eter for determining the sheath characteristics, the sh
voltage wave form, and the shape of the IEDs.

The model proposed here does not take into account
collisions of ions with neutral particles in the sheath and
suitable only for describing sheaths in the low-pressure
charges, generally for the pressure lower than 10 mT
Nevertheless, in some processing plasmas, the disch
pressure can reach tens of milliTorr and collisional effe
become important. In the future, we will extend the pres
paper to include both elastic and exchange collisions oc
ring in the rf sheath and simulate the IEDs and IADs on
electrode with the Monte Carlo method.
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